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A Method for Generating Random Vibration
Considering Kurtosis Response Spectrum
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A random vibration test is important for confirming the safety of packaging when transporting goods on
a truck bed. There are differences between the traditional random vibration method and real vibration
measured on the truck bed. These differences may result in overpackaging or underpackaging. Therefore,
improving the input vibration during vibration testing is an important theme. In this study, we focused on
the kurtosis response spectrum. A previous study showed that the response kurtosis under the real vibration
varies depending on the natural frequency. Therefore, it is assumed that a random vibration with the same
kurtosis response spectrum as the real vibration is similar to the real vibration. We propose a new method
for generating random vibration considering the kurtosis response spectrum. Vibrations with the same
power spectral density, root mean square of acceleration, acceleration kurtosis, and velocity kurtosis (but
different kurtosis response spectra) were generated by the proposed method and the previous study method.
Comparing the kurtosis response spectra between the real and generated vibrations, the proposed method
showed a particular improvement in the input vibration, especially when the damping factor was small.
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1. Introduction

A random vibration test is important for confirming the safety of packaging when transporting goods on
a truck bed or railway car. In the traditional vibration method, the power spectral density (PSD) of the
acceleration is only considered as a test condition. However, it has been pointed out that there are
differences between real vibration on the truck bed and random vibration generated by the traditional
method. Real vibrations on a truck bed are non-stationary because there are fluctuations in the truck driving
speed and road roughness V. The traditional vibration method cannot reproduce this non-stationary
condition. These differences may result in overpackaging or underpackaging because of inappropriate
evaluation of antivibration requirements. Therefore, it is important to improve the random vibration during
vibration testing.

Many studies have focused on the acceleration kurtosis (K,) and the probability density of acceleration.
The K, value of a random vibration generated by the traditional method is 3, and the probability density
of acceleration is the Gaussian distribution. On the other hand, the K, values of real vibrations are usually
leptokurtic (i.e., greater than 3) > 3. Therefore, it is assumed that a random vibration with the same K, as
the real vibration is more similar to the real vibration than the one generated by the traditional method.

Rouillard proposed a method for generating random vibration with a non-Gaussian probability density
distribution by combining Gaussian oscillations with different intensities ¥. Furthermore, Rouillard et al.
proposed a method that considered the moving RMS of acceleration ¥. Winterstein proposed a method to
transform a Gaussian vibration into non-Gaussian vibration using a Hermite polynomial ©. Hosoyama et al.
proposed a method for generating leptokurtic random vibration based on the phase differential 7. Our
previous study proposed a method for controlling not only K, but also the velocity kurtosis K. It shows
the effect of K, on packaging damage using a single degree of freedom (SDOF) model ®.
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As mentioned above, the proposed methods for improving random vibration mainly considered K,, Ky,

the probability density of the acceleration, the probability density of the velocity, and the moving RMS.

Hosoyama et al. proposed the kurtosis response spectrum as a characteristic of vibration for packaging
Fig. 1 shows the schematic diagram of the response spectrum. The response spectrum assumes the SDOF
model and is used to investigate the effects of vibrations at various natural frequencies. To obtain the
response spectrum, the SDOF model response and its summary statistics (e.g., maximum, standard
deviation, and kurtosis) are calculated many times with varying natural frequencies and damping factors
under the random vibration or the real vibration measured on the truck bed. It is also shown that the kurtosis
response spectrum varies with the natural frequency f;, of the SDOF model when the input vibration is the
real vibration measured on the truck bed.

It is assumed that a random vibration with a kurtosis response spectrum that is the same as that of the
real vibration is similar to the real vibration. In this study, we propose a method for generating the random
vibration considering the kurtosis response spectrum. The relative displacement was used as the response
of the SDOF system because it is proportional to the strain of the product. Then, the generated vibrations
were compared with the real vibrations and the proposed method was much similar to the real vibrations
than those in the previous study method, especially in the case of a small damping factor.
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Fig. 1 Schematic diagram of response spectrum.

DER-1000 | =

Fig. 2 Photos during the truck shipping experiment, (a) the truck taken from the front,
(b) truck bed, (c) accelerometer.

2. Experiment

The vertical vibration data for the truck bed were used as a target. Fig. 2(a) and (b) shows the truck used
for testing and truck bed, respectively. An accelerometer (DER-1000, Shinyei Technology Co., Ltd.) was
fixed to the truck bed (Fig. 2(c)). We ran the truck on the highway for 1,200 s (low-pass filter, 100 Hz).

3. Calculation

3.1 Method for calculating response spectrum
The acceleration applied inside the SDOF structure a;(t) are calculated using the same method as our
previous study ®. A SDOF system like that in Fig. 1 is expressed by equation (1):
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m (dzdxt(zt) + a(t)> #eSGE RO =0

where t, m, c, k,and x(t) are, respectively, time, the mass, viscosity coefficient, spring constant, and the
relative displacement between the mass and the truck bed. An impulse response function of the relative
displacement h(t) is expressed by equation (2):

1 .
h(t) = —e*“ntsinwgt, (2)
wq

where w,, wg,and { are, respectively, undamped natural angular frequency, and damped natural angular
frequency of the response and the damping factor '9. Meanwhile, w,, is expressed by equation (3):

m=2mf= [£ @)

The damping factor, { is expressed by equation (4):

c

Z = 2mwny

4
The damped natural angular frequency, wgq is expressed by equation (5):

wg = wpy1 =02 (5)
x(t) is expressed by the equation (6):
t
x(t) =f a(®h(t —1)dt, (6)

where 7 is a parameter. Equation (6) is a convolution integral; therefore, x(t) can be calculated by
equation (7):
1 (” .
X0 =5 | ADHD s, ()

where A(f) and H(f) are the Fourier transform of a(t) and h(t), respectively. a;(t) is proportional
to the relative displacement x(t):

k
ai(t) = —x(t) = 4n?fix() (8)
Here, f, is from 1 to 100 Hz at intervals of 1 Hz. The RMS and kurtosis of a;(t) calculated for each

natural frequency f;, by fixing the damping factor with {, are the RMS response spectra R¢(f) and the
kurtosis response spectra K¢(f).

3. 2 Methods for generating random vibration

3. 2.1 Previous method
The traditional method for generating random vibration is expressed by equation (9):
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a(t) = Yk_, Ay cosRuAft + ¢y) )

where L, Ay, Af, and ¢y are, respectively, the number of frequency components, amplitude, frequency
resolution, and the kg, phase angle. Ay is expressed by equation (10):

Ay = 2rAfP(kAf), (10)

where P(kAf) is the PSD. In traditional random vibration tests, ¢, denotes random numbers ranging
from 0 to 2m.

When the random vibration was generated by the traditional method, ¢, and ¢,_, were independent
from each other. The method for generating a random vibration with arbitrary K, by controlling the phase
differences between ¢ and ¢y_; is proposed?. The relationship between ¢, and ¢,_; is expressed
by equation (11):

¢k - ¢k—1 = ZnAftgr(kAf)' (11)

where tg.(kAf) is a group-delay time. ty.(kAf) is taken as a random number with an average value m
and a standard deviation ¢, and o is related to the sharpness of the envelope curve. As o decreases, the
envelop curve becomes sharper and K, increases. As o increases, K, converges to 3 (Gaussian). Our
previous study showed that Af also had an effect on the envelope curve and was related to the period Ty
during which the maximum acceleration occurred ®. The relationship between Af and Ty is expressed by
equation (12):
1
Ti=2; (12

When Ty is small, the ratio K, /K, is less than 1. With increasing Ty, the ratio K, /K, converges to one.
In this study, Tq was set to 16 s in the case of the proposed method and 2 or16 s in the case of the previous
method.

3. 2.2 Proposed method

In the previous method, the standard deviation o was a constant value, regardless of the frequency. In
this study, the standard deviation of tg.(kAf) is not a constant value o but a variable o(f) that

changes with frequency. In order to set o¢(f), the kurtosis response spectrumKz(f) was transformed to
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Fig. 3 Power Spectral Density to Fig. 4 The relationship between K, and
transform K(f) to a7(f). standard deviation ¢ to transform

K:(f) to ay(f).
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The relationship between o¢(f) and Ki(f)
is needed to transform Ki(f) to a7(f). We
generated a random vibration with PSD as shown
in Fig. 3 using equation (9), (10), and (11).
This PSD had energy from4.5to 5.5 HHzand Af =
1/16 Hz. The standard deviation o was from
0.05 to 5 and the acceleration kurtosis K, was
calculated for each value of o (Fig. 4).

Then, the kurtosis response spectrumKg(f) was
calculated by equation (1) to (8). Fig. 5 shows the
Ki=0.07(f) as an example of K¢(f). This K¢(f)
was converted to o¢(f) using Fig. 4. For
example, Ki_o0,(f =57 Hz) is 9.0 in Fig. 5
and o is 1.53 when the kurtosis is 9.0 in Fig. 4.
Therefore, 0¢—007(56.5 < f <57.5) is set to
1.53.

Fig. 6 shows an example of the standard
deviation  g7—g07(f) . It is obvious that
O7=007(f) is small at frequencies where
Ki—0.07(f) is relatively large.

Fig. 7 shows an example of random numbers,
of which the average is 8.0 and the standard
deviation is 0¢—g07(f). Af was 1/16 Hz, and
random numbers were generated 75 times for the
same frequency.

Finally, random vibration was generated with
the PSD of the real vibration and o¢(f) by
equation (9), (10), and (11).

4. Results and Discussion
4. 1 Effect of damping factor on the
acceleration kurtosis and velocity
kurtosis

Fig. 8 shows the relationship between the
damping factor ¢ and the kurtosis of the input
acceleration a(t) which is generated by
proposed method. Both the acceleration kurtosis

Damping constant: (.07
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Fig. 5 Kurtosis response spectrum Ki_, o7 (f).
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Fig. 6 Standard deviation a;_ 7 (f).
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Fig. 7 Random numbers depending on ;¢ o7 (f).

K, and the velocity kurtosis K, increase with increasing damping factor {. When { is 0.02, which is the
minimum value as a factor of the proposed method in this study, both K, and K, are greater than 3.
Therefore, all vibrations generated by the proposed method in this study are non-Gaussian. For the entire
range of ¢ in this study, K, was slightly greater than K.

In this study, the vibration for which K, had the same value as that of the real vibration ((=0.07), was

chosen as a vibration for evaluation.
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Fig. 8 Relationship between damping factor ¢ and kurtosis, (a) acceleration kurtosis, (b) velocity
kurtosis.

4. 2 Comparison of real and generated vibrations

In this study, the vibrations generated by the proposed method (T4 = 16's, ¢ = 0.07) and the previous
method (T4 =2 or 16 s) were compared with the real vibration.

Fig. 9 shows the time series acceleration of the real and generated vibrations. All of the vibrations were
1,200 s because the length of the real vibration was 1,200 s (Fig. 9 (a)). Comparing Fig. 9 (b) and (d), there
are no significant differences between the proposed method and previous methods (Tq4 = 16 s). The envelope curve
of Fig. 9 (c) is different from those of Fig. 9 (b) and (d) because of the difference in Tj.

Fig. 10 shows the time series velocity of the real vibration and generated vibrations. These velocities
were integrated from the acceleration with low-cut filter (0.5 Hz) 'V. Almost all of the velocity peaks of the
real vibration were less than 0.5 m/s, as shown in Fig. 10 (a). Comparing Fig. 10 (b) and (d), there are no
significant differences between the proposed and previous methods (Ty = 16 s). The velocity peaks of the previous
method (T¢=2 s) are smaller than those of the proposed method and the previous method (Tq= 16 s) as shown in
Fig. 10 (b)~(d).

Fig. 11 shows the PSD of the acceleration. There were no significant differences between the real and generated
vibrations.

Table 1 shows the statistical values of the real vibration and generated vibrations. There are no significant differences
in the acceleration RMS and velocity RMS between the real vibration and generated vibrations. Also, there
were no significant differences in K, between the real and generated vibrations because they were generated
as a target of K,. The biggest difference between the vibrations was the K. The K, value of the real
vibration was 8.59 and greater than K,. The K, of the proposed method and the previous method (Tq= 16
s) were also slightly smaller than K,. The K, value of the proposed method (Tq= 2 s) was 3.65, which
was much smaller than K.

Table 1 Statistical value of real vibration and generated vibrations.

Acceleration Velocity Acceleration Velocity

RMS(m/s?) RMS(m/s) Kurtosis Kurtosis
(a)Real Vibration 0.796 0.0804 7.24 8.59
(b)Proposed (Tq=16 s) 0.792 0.0800 7.20 6.59
(c)Previous (T¢=2s) 0.790 0.0832 7.24 3.65
(d)Previous (Tq=16s) 0.792 0.0798 7.18 6.41
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Fig. 12 shows the probability densities of the acceleration. The dotted lines show the Gaussian
distributions. The mean parameter is zero, and the standard deviation are the values of acceleration RMS,
as shown Table 1. All of the acceleration probability densities are non-Gaussian. In particular, the
probability densities of the proposed and previous methods (Tq= 16 s) are quite similar.

Fig. 13 shows the probability density of the velocity. The dashed lines show the Gaussian distribution.
The mean parameter is zero and the standard deviations are the values of the velocity RMS, as shown Table
1. The shape of the probability density of the previous method (Tq= 2 s) is quite different from the
probability densities of the others. The probability densities of the real vibration, proposed, and previous
method (Tq= 16 s) had the similar shapes. In particular, the probability densities of the proposed and
previous methods (Tq= 16 s) were quite similar.

In terms of statistical values and probability densities, the only clear difference between real vibration
and proposed method was K. Furthermore, there were almost no differences between the proposed and
previous methods (T¢= 16 s) in terms of statistical values and probability densities.

Fig. 14 shows the RMS response spectra R¢(f). Since the lines almost overlapped in Fig. 14, it is
considered that R¢(f) had almost the same results even if the vibration changed. When the damping factor
¢ was small, R¢(f) changed significantly depending on the natural frequency, as shown in Fig. 14(a) and
(b). As  increased, the difference in R¢(f) between the natural frequencies decreased.

Fig. 15 shows the kurtosis response spectra K¢(f). Higher values of K¢(f) resulted in the greater the
damage to the product, even if R;(f) remained the same. Therefore, the closer K;(f) of a generated
vibration is to that of the real vibration, the more it the vibration is assumed to be to the real vibration. The
value of Kz(f) changed significantly depending on the natural frequency, especially in the case of a small
damping factor C.

As shown Fig. 15(a), Kr=¢04(f) of the previous method (Tq= 2 s) was smaller than that of the real
vibration in the low frequency region (<14 Hz). Conversely, Ki—q04(f) of the previous method (Ta=2 s)
was greater than that of the real vibration in the high frequency region (>14 Hz). This result shows that the
actual vibration could not be reproduced well just by making the value of K, the same as that of the actual
vibration.

The Ki—004(f) value of the previous method (Tq= 16 s), was close to a constant value regardless of the
natural frequency except in the low frequency region. This tendency was not the same as the real vibration
and the proposed method. The K(f) shape of proposed method was most similar to that of the real
vibration among three generated vibrations, when damping factor ¢ was 0.04 and the natural frequency
fawas around 10 Hz or above 50 Hz. For example, in the case of the real vibration, Kr—q04(f = 10 Hz)
was 12.12, which was the maximum value in the range of natural frequencies from 1 to 100 Hz. In the case
of the previous method (Ta=2 or 16 s), Ki—o04(f = 10 Hz) were 5.23 and 6.84, respectively, which were
much smaller than those of the real vibration. In the case of the proposed method, Ki_q04(f = 10 Hz)
was 12.19, which was close to that of the real vibration.

When the damping constant was large (¢ = 0.12, 0.16), there was a small difference of Ki(f) between
the real vibration and generated vibrations. Hence, the proposed method had the advantage in the case of a
small damping constant (¢ = 0.04).
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Fig. 12 Probability density of acceleration, (a) real vibration, (b) proposed method,
(c) previous method (T, = 2 s), (d) previous method (T, = 16 s).
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5. Conclusions

Random vibration considering the kurtosis response spectrum was generated by the proposed method
of changing the random number of the phase difference for each frequency. There were almost no
differences between proposed and previous methods in terms of statistical values, probability densities, and
RMS response spectrum. However, there were differences in the kurtosis response spectrum between the
proposed and previous methods. From the point of view of the kurtosis response spectrum, the proposed
method was an improvement compared with the existing one, especially when the damping constant { was
0.04. The proposed method needs to be closer to the real vibration when the damping constant is large (¢ =
0.12 and 0.16).
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